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Abstract 

In the present article we define the algebra of differential modular forms and we 
prove that it is generated by Eisenstein series of weight 2, 4 and 6. We define Hecke 
operators on them, find some analytic relations between these Eisenstein series and 
obtain them in a natural way as coefficients of a family of elliptic curves. The fact 
that a complex manifold over the moduli of polarized Hodge structures in the case 
h la = h m = 1 has an algebraic structure with an action of an algebraic group plays a 
basic role in all of the proofs. 



1 Introduction 

Around 1970 Griffiths introduced the moduli of polarized Hodge structures/the period 
domain D and described a dream to enlarge D to a moduli space of degenerating polarized 
Hodge structures. Since in general D is not a Hermitian symmetric domain, he asked for 
the existence of a certain automorphic cohomology theory for D, generalizing the usual 
notion of automorphic forms on symmetric Hermitian domains. Since then there have been 
many efforts in the first part of Griffiths's dream (see and the references there) but 
the second part still lives in darkness. 

I was looking for some analytic spaces over D for which one may state Baily-Borel 
theorem on the unique algebraic structure of quotients of symmetric Hermitian domains 
by discrete arithmetic groups. I realized that even in the simplest case of Hodge structures, 
namely h 01 = h 10 = 1, such spaces are not well studied. This led me to the definition of a 
new class of holomorphic functions on the Poincare upper half plane which generalize the 
classical modular forms. Since a differential operator acts on them we call them differential 
modular forms. These new functions are no longer interpreted as holomorphic sections of 
a positive line bundle on some compactified moduli curve. Nevertheless, they appear in a 
natural way as coefficients in families of elliptic curves, analogous to Eisenstein series in 
the Weierstrass Uniformization Theorem. 

Recall the Eisenstein series 

(1) g k (z) = a k (l + (-l) k ^- Yl °2k-i(n)e 2mzn ) , fc = 1,2,3, zeM, 

where B k is the k-th Bernoulli number {B\ = |, B2 = ^, B3 = . . .), <7i(n) := Yld\n 

w °' = 2 « 2 >^- ° » = 2 « 4 ^- «• = 2 « 6 > w 

1 Keywords: Modular form, Hecke operator, Gauss-Manin connection. 
Math, classification: 11F11, 14D07. 
2 Author's address after 1/10/2006. 
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and H := {x + iy G C | y > 0} is the Poincare upper half plane. The most well-known 
differential modular form, which is not a differential of a modular form, is the Eisenstein 
series g\. The idea of differentiating modular forms and getting new modular forms is 
old and goes back to Ramanujan. However, the precise definition of differential modular 
forms has been given recently in In the present article we give another slightly different 
definition of differential modular forms (see N2.1|) over a modular subgroup T C SL(2,Z). 
It is based on a canonical behavior of holomorphic functions on the Poincare upper half 
plane under the action of SL(2, Z). This approach has the advantage that it can be 
generalized to any modular subgroup of SL(2, Z) but the one in [3j works only in the case 
of full modular group SL(2, Z). The set of differential modular forms in the present article 
is a bigraded C-algebra M = X^neN meN ^mi being the set of classical modular 
forms of weight TTij in which the differential operator ^ maps 

M™ to M™+\. We have 

gi G M%,g 2 G M® , g 3 G M$ and we prove: 

Theorem 1. The functions gi,g 2 ,g 3 are algebraically independent and M is freely gener- 
ated by gi,g 2 and g 3 as a C-algebra. For m G N and n G No, is the set of homogeneous 
polynomials of degree m in the graded ring C [<?i, g 2 , 53], deg(#j) = 2i, i = 1,2,3 and of 
degree 2n in g\(note that deg(gi) = 2). 

The above theorem implies that = {0} for 2n > m or m an odd number, and every 
/ G can be written in a unique way in the form Ya=o fi9v wnere fi is a modular 
form of weight m — 2i. It generalizes the first theorem in each modular forms book that 
the algebra of modular forms is freely generated by the Eisenstein series g 2 and #3. Our 
proof gives us also the Ramanujan relations between the Eisenstein series gi, i = 1,2,3. 
We define the action of Hecke operators on and it turns out that this is similar to the 
case of modular forms: 

(3) T p f{z)=p m ~ n - 1 Yl d- m f{^^), P eN, fGM^. 

d\p,0<b<d-l ' 

Hecke operators of this type appear in particular in the study of the transfer operator from 
statistical mechanics which plays an important role in the theory of dynamical zeta func- 
tions (see jS]). It turns out that the differential operator commutes with Hecke operators 
(see Let 

9 ■=(91,92,93) :H^C 3 

and 

T := C 3 \{(h,t 2 ,t 3 ) G C 3 I 274 -4 = 0}. 
Theorem 2. There are unique analytic functions 

B U B 2 : T -> E, £ 3 : T -► C 
such that B\ does not depend on the variable t\ and 

(4) 510^=^(2), B 1 (t 1 ,t 2 k- 4 ,t 3 k- 6 ) = B 1 (t)\k\ 2 

(5) B 2 og = 0, B 2 (t 1 Ar 2 +fc , Ar 1 ,t2fc- 4 ,t 3 Ar 6 ) = B 1 (t)\tf\ 2 +B 2 (t)\k- 1 \ 2 +Tm(B 3 (t)tf¥*) 
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(6) B 3 og = l, B 3 (tik~ 2 + k'k~\ t 2 £;" 4 , hk~ & ) = B2,{t)kk- 1 + 2^1kk'Bi(t) 



for all k £ C* and k' £ C. Moreover, \B 3 \ restricted to the zero locus of B2 is identically 



Differential modular forms are best viewed as holomorphic functions on the period 
domain 



so that they are invariant under the action of SL(2, Z) from the left on V and have some 
compatibility conditions with respect to the action of 



from the right on V (see Proposition EJ). In this way Theorem |2] is just the translation of 
the relations of g^s with there simple analytic functions on V (see 12 .6|) into the coefficient 
space through the period map (see $3. 2|) , The action of Hecke operators on differential 
modular forms is also best viewed in this way. We use a four parameter family of elliptic 
curves in order to prove our results on differential modular forms and in this way we even 
obtain a result on the periods of the differential forms of the second type on elliptic curves: 

Theorem 3. There is no elliptic curve E and a non-exact differential form of the second 
type lo on E, both defined over Q, such that J s uj = for some non-zero topological cycle 



This theorem uses Nesterenko's Theorem (see |13j ') on transcendence properties of the 
values of Eisenstein series. The above theorem for the case in which u> is of the first kind, 
is well-known. In this case we can even state it for the field C. However, it is trivially false 
when to is a differential form of the second kind and we allow transcendental coefficients 
in u) or the elliptic curve. 

The present article stimulates the hope to realize the second part of Griffiths dream 
with a new formulation. The complex manifold V can be also introduced over the Griffiths 
period domain D with an action of an algebraic group Go from the right. Since the 
differential modular forms on V are no longer interpreted as sections of positive line bundles 
over moduli spaces, the question of the existence of a kind of Baily-Borel Theorem for V 
arises. In the case of Hodge structures with h m = h 10 = 1 we have D = M and we show 
that SL(2,Z)\"P has a canonical structure of an algebraic quasi-affine variety such that 
the action of Go from the right is algebraic. More precisely, we prove that SL(2,Z)\"P 
is biholomorphic to C 4 \{i = (to, £1, t 2 , £3) £ C 4 | io(27to£§ — £|) = 0} an d under this 
biholomorphism the action of Gq is given by: 



one. 







5 G Hi(E,Z). 



t» g := (t ^i 1 k 2 , t\k x 1 k 2 + k^k x 1 ,t 2 k 
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3 k 2 ,t 3 ki 4 k 2 2 ) 
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The mentioned biholomorphism is given by the period map (see NcS.2|) . Using the methods 
of present article, one can describe the dynamics of the holomorphic foliation induced by 
the Ramanujan's relations. This will be discussed in another paper. 

Let us now explain the structure of this article. 32 is devoted to the definition of 
differential modular forms and the action of Hecke operators on them. is devoted to 
the calculation of the Gauss-Manin connection of a family of elliptic curves. In this section 
we prove that the period map is a biholomorphism and then we take its inverse and obtain 
the Ramanujan relations. Finally, fJH is devoted to the proof of theorems announced in 
the Introduction. 

Acknowledgment: The main ideas of this paper took place in my mind when I 
was visiting Prof. Sampei Usui at Osaka University. Here I would like to thank him for 
encouraging me to study Hodge theory and for his help to understand it. I would like to 
thank Prof. Karl-Hermann Neeb for his interest and careful reading of the present article. 

1 would like to thank the referee of the present article who made useful comments on the 
first draft of this text and introduced me with the reference [Sj in which the notion of a 
differential modular form with the name quasi modular form is introduced and Theorem^ 
is proved by means of algebraic methods. The alternative proof presented here by means 
of the period map might be useful for further analyzing the differential modular forms and 
their relations with elliptic curves. 

2 M™ -functions 

In this section we use the notations A = \ A ^ | £ SL(2,M) and 

\c A d A 



When there is no confusion we will simply write A = We denote by EI the 

Poincare upper half plane and 

j(A,z) := c A z + d A . 

For A £ SL(2, M) and m £ Z we use the slash operator 

f\ m A={&etA) m - 1 ]{A,z)- m f{Az). 

For a ring R we denote by Mat p (2, R) the set of 2 x 2-matrices in R with the determinant 
p. 

2.1 Definitions 

In this section we define the notion of an M^-function. For n = an M^-function is a 
classical modular form of weight m on EI (see bellow). A holomorphic function / on EI is 
called if the following two conditions are satisfied: 
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1. There are holomorphic functions fi, i = 0, 1, . . . , n on H such that 
(10) f\ m A = jr(™\j A ]{A,z)- i f h WLeSL(2,Z). 

2. fi, i = 0, 1, 2, . . . , n have finite growths when Im(z) tends to +oo, i.e. 

lim fi(z) = a ijOQ < oo, aj i00 G C. 

Im(2;)— >+oo 

The above definition can be made using a subgroup T C SL(2, Z). In this article we mainly 
deal with full differential modular forms, i.e. the case T = SL(2,Z). We will also denote 
by the set of M^-functions and we set 

M := ]T M£ 

meZ,neNo 

For an / E we have f\ m I = fo and so /o = /. We have also f\ m T = f and so we can 
write the Fourier expansion of / at infinity 

+0O 

/= Yl a ^™' a " GC ' ^ = 0,1,2,. ..,oo, q = e 2mz . 

n=~N 

The growth condition on / implies that N = 0. Note that for an M^-function / the 
associated functions fi are unique. To see this fix z and consider the right hand side of 
(jlOj) as a polynomial in ca](A, z)~ l with coefficients (")/«■ Since A is an arbitrary element 
of SL(2, Z) and a one variable polynomial has a finite number of roots, we conclude that 
fi's are unique. 

Proposition 1. Iff is M^-function with the associated functions fi then fi is an 
function with the associated functions := fi+j, j = 0, 1, . . . , n — i, i.e. 

n—i / _ -\ 

(11) h\ m -2iA = J3( - )<4j(A ^)~%', V.4 e SL(2, Z), /y = 

Proof. For A, B e SL(2,Z) we have 

i=o 

= ( ,n Vc AB j(s,«)) < j(B^)-*j(^,«)-Vi(«) 

i=0 

n i / \ / -\ 



j(A5,z) m ^^ ( n ) ('Wb, zycP B ^ j j(B,z)-%AB, *)-'/, 
i=o j=o \ l ' 

]{AB,z) m Y^r( I )( r + S )c%c r A j(B,z)- r - s i(AB,zr r f r+ s(z 

„,_n o-n \ r "I" s / V s J 



r=0 s=0 

n—r 



j(A,Bzr^r( n )c A j(A,Bz)- r UB,z) m - 2r J2( n r )c s B j(B,z)- s f r+s (z) 

r=0 V s=0 V S / 
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In the first equality we have used (|1U|) . In the third equality we have used 

j(AB, z)c B + det{B)c A = c AB ]{B, z), VA, B G GL(2, R). 

In the fourth equality we have changed the counting parameters: r = i — j, s = j, < 
r + s < n. In the fifth equality we have used 

i(AB,z)=j(A,Bz)j(B,z). 

From another side 

f(ABz) = f(A(Bz)) 



= j(A,Bzrf2( n ) c A)(A,Bzr r f r (Bz). 

Since the holomorphic functions associated to / are unique, we conclude that 

f r (Bz)=i(B,z) m ~ 2r Y,{ )c s B j(B,zr s f r+s (z), V J BeSL(2,Z), r = 0, 1, 
s=0 V s / 



, n. 



□ 



It is useful to define 

(12) f\\ m A := (detAr- n - 1 Y,( n )c l A^(Azy- m f l (Az), A G GL(2,M), / G M£. 

The factor det A is introduced because of Hecke operators (see H2.^j) . The equalities (fTU|) 
is written in the form 

(13) / = /|| m A,VAGSL(2,Z) 

(we have substituted A~ x z for z and then A -1 for A). Since f\\ m A, A G GL(2, Z), / G 
may not be in M and it is defined using the associated functions of /, it does not make 
sense to say that || m is an action of GL(2,M) on from the right. However, we have 
the following proposition: 

Proposition 2. We have 

f\\ m A = f\\m(BA), VA G GL(2,R), B G SL(2,Z), / G M£. 
Proof. The proof is similar to the the proof of Proposition^ The term (det A) n_m+1 /| | m A(z) 
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is equal to: 



EE ( n ) f n :'l4_ 1 4_j(^^) i --j(s-SB^)-- 2 -v i+i (^) 

i=0j=0 w v 3 J 
r=0 s=0 ^ r S ' 

( n \(BAz,zy- m f r (BAz)i(A,z)- r (j2 ( r \BA,z) s c s A ^c r -_\) 
£ C" > )j(5A^ r - m /r(SA2;)j(A, 2 ;)-'-a(SA,2;) C ^-i + c B -i) r 

r=0 

£ <? {BAyi f r {BAz) = (detAr- m+ \f\\ m BA)(z) 



2.2 Algebra of M^-functions 

Recall the Eisenstein series (^Q) and 



□ 



27T7 °° 

(14) A(z) := (27gl(z) - gl(z)) = -(_)* g J](l - <f ) 24 = g - 24g 2 + 252g 3 + • • • , 

71=1 

j(z) := f^yA: = e? -1 + 744 + 196884g + • • • . 
Note that C(2) = C(4) = , C(6) = ^ and so 

(15) Poo := Ka 2) a 3 ) = (— , 12(— ) 2 , 8(— ) 3 ), 
where a^'s are defined in (f2"j). For k > 2 one can write 

5fc0) = Sfc V t — 1 , 2fc E M 2 ° fe , 

0^(m,n)eZ 2 V ' 

where s 2 = j0jyi anci ^3 = ^It) 3 1 Eisenstein series 51 satisfies 

(16) 5i | 2 =cj(A^r\ A G SL(2, Z) 

and so g± E M2 (see for instance ^| p. 69). The following proposition describes the 
algebraic structure of M^: 

Proposition 3. The fallowings are true: 

1. For an f G the function z(z~ m f( — ) - f(z)) is in M^ n _2, i.e. it is a modular 
farm of weight m — 2. 
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2. M\ is a one dimensional C-vector space generated by g\. 

3. Ifn< n' then M™ C M™' and 

1V1 m 1V1 m' C IV1 m+m> ' M m + M m ~ M m 



4- For a modular form f of weight m we have f(gi) n G M. 



2n+m ' 



Proof. The first item is a direct consequence of Proposition ^ an d the definition of a 
Mg-function applied to A = Q: 

z - mf{ zl) = f\ mQ = f + z-lf^z), h G M»_ 2 . 

Since the modular forms of weight are constant functions, every / G M\ satisfies: 
f\iA = f + rc](A, z)~ l , VA G SL(2,Z) for some constant r G C. This and ()16|) implies 
that / — r<72 is a modular form of weight 2. Since there is no non-zero modular form of 
weight 2 we conclude that M\ is generated by g\ . 

If / G with the associated functions fi, i = 0, 1, . . . , n then / G with the 
associated functions fi, i = 0,1,..., n, fi = 0, i = n + l,...,n'. If / G and 
g G M^, with the associated functions fi, i = 0, 1, . . . , n (resp. gi, i = 0, 1, . . . , n') then 
for A G SL(2, Z) 

/slm+m'^ = f\rnA • g\ m ' A 

i=0 v y i=o u/ 

= E (" t "') «a .r ft 

r=0 V ' \s=0 \ r I J 

which implies that fg G M^^,. Now if m = m' then by the discussion at the beginning 
of this paragraph we can assume that n = n' . Now, / + g G with the associated 
functions fi + gi, i = 0, 1, . . . , n' . 

The fourth item is a consequence of item 3. It was the main idea behind the definition 
of M™. □ 

The following proposition shows that M is in fact a differential algebra. 

Proposition 4. For f G M™ we /lave ^ G M™+2 anc? 

(17) d(f]^ = £| U+2A VA e GL(2)M) . 
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Proof. For A £ GL(2,Z) with det(A) = p the term d(/ || mA) is equal to: 



^Q c ^ 1 ((m-z) CA - 1 j(A^r 1 - m /,(^)+j(A^r m - 2 §(^)^ 

/n+1 / s 



i=0 

'n+1 



where 



~ i(m-i + 1) n + l-i dfj . , . 

fi = — ; fi-i + — ;— -i-, % = 0,1,... ,n+ 1, /—i = /n+i := 0. 

n + 1 n + 1 dz 

For ,4 G SL(2,Z) we have / = f\\ m A and so £ = . This and the above equal- 

ities imply that 4- is an M^2"f unc tion with the associated M^^-functions fi, i = 
0, 1,2,.. ., n + 1. The growth condition on /j's follows from 

df . df 
— = 2-Kiq— 
dz dq 

For an arbitrary A £ GL(2,M), 1)1 7j) follows from the equalities at the beginning of the 
proof. □ 

The relations between the gi,i = 1, 2, 3 and their derivatives are given by the Ramanu- 
jan's equalities: 

, 1sA dgi 2 1 dg 2 d g 3 1 2 

(18) — = 5l - -a,, — = 4 5152 - 653, — z = - -g 2 

(see for instance jlUl \1'S\ ). The proof of Theorem ^ will contain a new geometric proof of 
these equalities. 

2.3 Hecke operators 

For p e N let SL(2,Z)\Mat p (2,Z) = {[At], [A 2 ], . . . , [A,]}. We define the p-th Hecke 
operator in the following way 

s 

T p f:=Y,f\\mA k , f€M%. 
k=l 



Proposition |21 implies that the above definition does not depend on the choice of A^ in the 
class [Ak\. Form Proposition |I] one can deduce that the differential operator 4- commutes 
with the Hecke operator T p . 

Proposition 5. T p defines a map from to itself. 
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This will be proved in ^12.51 One can take 

f P : = E (o d) £nMat p (2,Z)] 



d\p,0<b<d-l 



and since for matrices ( n ^) the slash operator \ m is p n times \\ m we have T p f 



P n f\m,T p and we get the expression © in the Introduction. Similar to the case of modular 
forms (see ^ §6) one can check that 



T p oT q = ^ d™- 71 -^, 

d\(p,q) 



ft . 
71 



2.4 The period domain 

The group SL(2, Z) acts from the left on the period domain V defined in Q and Go in 
(JHJ) acts from the right. We consider a holomorphic function on 

C := SL(2,Z)\7 ? 

clS cl holomorphic function 

/ : V C, holomorphic satisfying , f(Az) = f(z), \/A 6 SL(2, Z), z eV. 

The determinant function is such a function. The Poincare upper half plane EI is embedded 
in V in the following way: 

'z -V 



Z ^ Z 'I 



We denote by H the image of EI under this map. For a function / on H we denote by / 
the corresponding function on H. 

Proposition 6. There is a unique map 

4>:M^O{T), f^cj>{f) = F 
of the algebra of M -functions into the algebra of holomorphic functions on V such that 

1. For all f € M the restriction of F to H is equal to f . 

2. For all f E M the holomorphic function F is SL(2, Z) invariant. 

3. We have 

(19) F(x ■ g) = k^~ m £ (") kik^F(x), VxeP lS e G , 

where Fi = <j)(fi). 

Conversely, every holomorphic function F on V which is left SL(2,Z) -invariant and sat- 
isfies hiy\) for some holomorphic functions Fi on V such that the restriction of Fi 's to H 
have finite growths at infinity is of the form F = 4>(f) for some f £ M^. 
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Proof. We have 



Therefore, we expect F to be defined by 
(21) 



Let us prove that the function f *—> F = (p(f) satisfies the items 1,2 and 3. For x = z, z 6 
we have X4 = and so -F(x) = /o(<z) = f(z). This proves the first item. 
By the definition of F one can rewrite (|10|) in the form 



(22) f(A^) = (on + d^r-F ( / 

where A=( a b J 6 SL(2,Z). 



Now, we prove item 3. Let 



, _ (k' x k' 3 \ _ ( x 3 x 4 
5 " VO A/J : " 1 ^ 



•f.-i 



RHS of {H = fc£A£- m ( ) kik^Fi(x) 

= (k 2 kT(hKr- m ^E( n M n ■ l )k^k^k^k^f l+J {^) 

i=0j=0 W V J / ^3 

= Mnhkir-^ib ( n ) ( n z s ) k iK%-%% r -%~ r+s fr(-) 

r=0 s=0 W Vr S/ X3 
= (fc2^) n (fcifci) n - m V f + fc3fci) r M)- r /r(-) 

= n(j " 1 )^) = F(x 5 ) 



In the second equality we have used the definition of Fi = (f>(fi) as in (|21|) and the fact 
that the associated functions of fi are fi+j, j = 0, 1, . . . >n — i, where /j's are associated 
functions of / (see Proposition [J). In the third equality we have changed the counting 
parameters: s = i,r = i + j . The fifth equality is just the expansion of {k^k'^ + k^k^Y . 
The sixth equality is by the definition of F = <j>(f). 
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Let us now prove the second item. We have to prove that F(Ax) = F(x), \/A G 
SL(2,Z): The term F{Ax) is equal to 



(cx 1 + dx 3 ) m det(x) n y^ ( n )(cx 2 + dxAUcxx + dx 3 Y det(x) ' fdA- 

V i J '- 

i=0 v 7 



L— 

= (cxt + dx 3 )- m det(x) n 
■ V (cx 2 + dx A )\cx x + dx 3 ) 4 det(x)- i (cxi + dx 3 ) m - 2i ^ n -^Fi ( Xl ~ d 

i=0 W V X 3 C 



I'''' ^ I 1 I i -Hr). 



^3 c y \o 



In the second equality we have used the fact that /j G M™~2» and the corresponding 
equality 1)22(1 . In the third equality we have used the third item of Proposition |HI 

We have finished the proof of the fact that F = 4>(f) has the desired properties. Now, 
let F satisfy 2,3 and its restriction to EI has a finite growth at infinity. Put / = F |j& and 
fi '■= Fi Ig. We are going to prove that / satisfies (fTU)) with the associated functions fiS 
and so / G M^. First, we note that 



Now 



1 J -^lc dill Oil i(A,z] 



= }(A,zn(A,zr- n j2 C^c'nAzr'Mx) = £ ( n )^(Art(i)- 

i=0 i=0 ^* ' 

In the second equality we have used the facts that F is SL(2, Z) invariant and it satisfies 
the property (|19j) . We have finished the proof of our proposition. □ 

We denote by the set of holomorphic functions on V which are left SL(2, Z) 
invariant and satisfy (|19|) for some holomorphic functions Fi on V such that Fj's restricted 
to H have finite growths at infinity. For the determinant function det : V — > C we have: 

(23) det G M \ (det)' A?* C M" +i , » G N . 
In a similar way as in Proposition |31 one can prove that: 

(24) M" M™' C M™+^, , M£ + (det) n '- n M^' = M »' m, m! G Z, n, n' G No, re < n'. 

We have an isomorphism — » M^, F i— ► i^g whose inverse is given by <fi in Proposition 
HO For a classical modular form / : H — ► C of weight m the associated -F = 4>(f) is 

F(x)=x^/(^)GM0. 
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2.5 Proof of Proposition 

We define 



iX). 
k=l 



This function has trivially its image in M^. We calculate the corresponding function in 
M^: The term T p f(z) is equal to: 



fc=l v 7 



„m— 2n 

fe=l 



o y V p.]{A~\A k z) 
= P m - 2n ~ l J2(.P-3( A k^ A ^)T G(4fc, z)) n - m IM-cp-y'iiA^A^fiiAkz) 

k=l i=0 

s 

= J2f\\ m A k , 

k=l 

where A k = ^° This proves Proposition El 

2.6 Some non-holomorphic functions on the period domain 

We now define some functions that will be used in the proof of Theorem |2I Their relation 
with the functions of Theorem [21 will be explained in the next sections, where we have 
introduced the period map. 

On the complex manifold V we have the following left SL(2,Z) invariant analytic 
functions: 

Bi := lm(xiX$), B 2 : = Im(x 2 ^j), B 3 := x{xl - x 2 xj. 

They define analytic functions on L which we denote them by the same letter. They 
satisfy 

(25) B 1 In (z) = lm(z), B^xg) = £?i(x)|fci| 2 



(26) B 2 | fl (z) = 0, 5 2 (x 5 ) = Bi(a;)|fc3| 2 + 5 2 (:r)N 2 + lm(B 3 {x)k 3 k 2 ) 



(27) 5 3 | t (z) = 1, 5 3 (*<?) = B 3 (x)k 1 k 2 + 2V^lk 1 k 3 B 1 (x 



By the equality (|20|) one can easily see that every point in V can be mapped to a point 
of M by an action of a unique element of Go- This implies that the SL(2, Z) invariant 
functions Bi, i = 1,2,3, with the above properties are unique. 
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3 Families of elliptic curves and the Gauss-Manin connec- 
tion 

In this section we consider the following family of elliptic curves 
(28) E : y 2 — 4t {x - hf + t 2 (x - i x ) + t 3 = 

and its specialization Et over a reg ular point t G T : = C 4 \{A = 0}, where A = t (27t tl - 
i|) is the discriminant of E. We have a proper smooth morphism E — > T defined over C. 
The family E with to = 1 an d t\ = is the classical Weierstrass family of elliptic curves 
and the material of the sections 13.11 13.21 and 13.31 for such a family is well-known (see for 
instance [2| Appendix and ^U). The discussions related to the full family ()28j) are 
slight modifications of the classical ones. 



3.1 Gauss-Manin connection 

The algebraic definition of the Gauss-Manin connection is made by N. M. Katz, T. Oda 
1968 and P. Deligne 1971. Its computational aspects are discussed in Let us introduce 
the basic notations for the Gauss-Manin connection of the family E. 

The Gauss-Manin connection on the cohomology bundle TC\^(E/T) is a C-linear map: 

V : H\ K {E/T) -+ n 1 ? ®o T H\ K {E/T), 

where is the sheaf of differential 1-forms on T. It satisfies V(/e) = df (8> e + /V(e), / 
(resp. e) being a section of Ot (resp. 7i\ R (E/T)). The set 

H := Hl R (E/T) 

of global sections of 7i\ R (E/T) is a C[t, ^]-module generated freely by the classical differ- 
ential forms — , For u = (—, ^£) tr the Gauss-Manin connection can be written in 

y J y \ y 1 y I 1 

the following way: 

1 3 

(29) Vuj = A®uj, A = —C^Aidti), A4 e Mat(2,C[i]). 

A simple calculation shows that: 

_ / 3/2t *l t 2 t 3 - 9t *l + 1/4«| -3/2t *2*3 "\ 

° V 3/2*0 *?*2*3 + 9t *l«§ - l/2tit| + 1/8*2*3 -3/2*0*1*2*3-18*0*1+3/4*^ 

( 0\ 

1 V27*o*| - *0*1 oJ 



A 2 



-9/2tgtit3 + l/4tot| 9/2*5*3 



I 3tg*i* 2 - 9/2*^*3 -3*5*2 > 

\ 3*0^*2 - 9*0*1*3 + 1/ 4 *0*1 "3*0*1*2 + 9/2*0*3/ 



(See for the procedures which calculate all matrices above). Let U be an small open 
set in U and {St}teUj $t ^ H\(Et, Z) be a continuous family of topological one dimensional 
cycles. The main property of the Gauss-Manin connection is: 

(31) d([ v )=J2 a i[ ft, V^^OiSA, ^€#°(T,fi^), Tj.ftGtf. 
J S t J St 
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3.2 Period map 

The period map associated to the basis uj := ^^) tr is given by: 



pm : T — > SL(2, Z)\V, t 



1 ( k w i 4 ^2 



It is well-defined and holomorphic. Here \fi = e ± and (61,62) is a basis of the Z-module 

/ 1 N 

Hi(Et,1i) such that the intersection matrix in this basis is ( 
that pm satisfies the differential equation: 

(32) d(pm)(t) = pm(t) • A tr , t e T, 
where d is the differential map. 

3.3 The Action of an algebraic group 

We consider the family of elliptic curves (|28|). It can be checked easily that Q is an action 
of Go on C 4 (this can be also verified from the proof of the proposition bellow). It is also 
easy to verify that C 4 /Go is isomorphic to P 1 through the map 

(33) s : C 4 /G -» P 1 , t -» [4 ■ 27*0*3 - *i] 
and so 

(34) m ■■- li 



27*0*1 ~ *l 

is Go-invariant and gives an isomorphy between T/Gq and C. 

Proposition 7. The period pm associated to the basis uj is a biholomorphism and 
(35) pm(t • 5 ) = pm(t) • 5, ieC 4 , g £ G . 

Proof. We first prove ()35() . Let 

a : C 2 — > C 2 , (x, y) 1— > (fc^fcix — k^k^ 1 , k^kfy). 

Then 

klk^a^if) = y 2 -4* A;l^ 4 (^ 1 A; 1 x-A;3A;^ 1 -*i) 3 +*2A;lA:f 4 (^ 1 /cix-A:3^ 1 -* 1 )+*3A:|A:f 4 

y 2 - 4* fcf ^2 - (hfaK 1 + ^r 1 )) 3 + t 2 k^ 3 k 2 {x - {t^k^ 1 + z^ 1 )) + * 3 &r 4 £| 

This implies that a induces an isomorphism of elliptic curves 

Now 

and so 

pm(i) = pm(* •5).^ 1 
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which proves (|35|). 

Let B be the 4x4 matrix whose i-th row, i = 1, 2, . . . , 4, constitutes of the first and 
second rows of A^\. A simple calculation shows that 

det(-B) = ^t A 3 

and so the period map pm is regular at each point t G T. Therefore, it is locally a 
biholomorphism. 

The period map pm induces a local biholomorphic map pm : T/Gq — > SL(2, Z)\H = 
C and so we have the local biholomorphism pm o j _1 : C — > C. One can compactify 
SL(2,Z)\H by adding the cusp SL(2,Z)/Q = {c} (see [TU]) and the map pm of 1 is 
continuous at v sending v to c, where v is the point induced by 27i t| - 4 = in c4 / G o- 
Using Picard's Great Theorem we conclude that j _1 o pm is a biholomorphism and so pm 
is a biholomorphism. □ 

3.4 The inverse of the period map 

We denote by 

F=(F ,F 1 ,F 2 ,F 3 ):V ^T 
the composition of the quotient map V — > SL(2, Z)\7 7 and the inverse of the period map. 
Proposition 8. The following is true: 

1. F (x) = det(a?) -1 . 

2. For i = 2, 3 

Fi = det^^Vi G M° 
where gi is the Eisenstein series 

3. F 1 =g 1 GMl 

Proof. Taking F of (|53)) we have 

F {xg) = F (x)k^k 2 \ 



(36) F 1 (xg) = F 1 (x)ki 1 k 2 + k 3 k^\ 

F 2 (xg) = F 2 (x)k^ 3 k 2 , F 3 {xg) = F 3 {x)k^kl Vx e C, g G G . 

By the Legendre's theorem det(x) is equal to one on V := pm(l x x C x C) and so the 
same is true for Fq det(x). But the last function is invariant under the action of Go and so 
it is the constant function 1. This proves the first item. Let Gi = Fi det(x) 2-1 , i = 1, 2, 3. 
The equalities (|3f)|) imply that Gi, i = 2, 3 do not depend on x 2 , x±. Now the map (t 2 , t 3 ) — > 
7ropm(l, 0, t 2 ,t 3 ), where 7r is the projection on the x\, x 3 coordinates, is the classical period 
map (see for instance the appendix of (Hj) and this implies that Gi = g~i, i = 2,3. Note 
that in our definition of the period map the factor . appears. In particular Fi,i = 2, 3 
have finite growths at infinity. The fact that F\ has a finite growth at infinity follows form 
the Ramanujan relations ()18j) and the equality ^ = 2iriq-^. Since G\ G M^, M\ is a one 
dimensional space, both gi, G\ satisfy (|3l))) and = {0}, we have G\ = g\. □ 
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3.5 Ramanujan relations 

We proved in Proposition [7| that the period map pm associated to u is a biholomorphism. 
According to (|32|). the inverse F of pm satisfies the differential equation 

x.A(F(x)) tr = I. 

We consider pm as a map sending the vector (*o> *i> *2, *3) to (xi, x 2 , £3, X4). Its derivative 
at t is a 4 x 4 matrix whose i-th column constitutes of the first and second row of -^xAf. 
We use PU|) to derive the equality 

(d*% = (dpm)" 1 = 

/ -F x 4 F x 3 F x 2 -Fqxx \ 

, ,,-1 T2Tv7( 12F F l 2a; 3 - 12*0*1:14 - * 2 x 3 ) -Fix 3 +x 4 1- (-12*0*^1 + 12*0*13:2 + F 2 x x ) *ix x - x 2 

(1 pi" IT) U U 

k ' 4*i F 2 x 3 - 3*2x4 - 6*30:3 -* 2 x 3 -4*1*2x1+3*212+6*33:1 F 2 x x 

\ 3^(18*0*1*33:3 - 12*0*3X4 - * 2 2 *3) -2*3x3 ^(-18*0*1 * 3 xi + 12* *3X2 + * 2 2 xi) 2*3x1 j 

For gi := Fi |jj the first column of the above equality gives us the Ramanujan relations 

GEJ). 

3.6 The family y 2 - At x 3 + t x x 2 + t 2 x + t 3 
The family (|28|) can be rewritten in the form 

y 2 - 4* x 3 + Utohx 2 + (-12t t 2 + t 2 )x + (4t *i - hh + * 3 ) = 0. 
The mapping 

a : C 4 -c C 4 , * ^ (t , 12toii, -12* * 2 + * 2 ,4* *? - * 2 *i + h) 
is an isomorphism and so we can restate Proposition [7| for the family 

Ef.y 2 - 4* x 3 + *ix 2 + t 2 x + t 3 = 0. 
The inverse of the period map in this case is given by G = (Go, G±, G 2 , G3) with 
Go = Fq, Gi = 12FqF\, G 2 = —12FqF 2 + F 2 , G3 = 4i ? o_F 1 3 — F 2 F\ + F 3 . 
In this case the singular fibers are parameterized by the zeros of 

A := *o(432*o* 2 + 72* *i*2*3 - 16* *2 + 4 *i*3 ~ *i*D- 
The Ramanujan relations take the simpler form: 

( *'l = -*2 

(37) I *2 = -6* 3 ! , 

[ * 3 = *i* 3 — \t\ 

where 

(*i,* 2 ,* 3 ) := (125i, -12 5l 2 + g 2 , Agf - g 2 gi + g 3 ). 

4 Proofs 

Now we are in a position to prove the theorems announced in the Introduction. 
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4.1 Proof of Theorem [T] 

It is enough to prove that 



M := F ^ 

m,ieZ,neNo 



as a C(Fo)-algebra is freely generated by F{, i = 1, 2, 3 and every F G can be written 
as a homogeneous polynomials of degree m in the graded ring C(F )[Fi, F 2 , F 3 ], deg(Fj) = 
2i, i = 1,2,3 and of degree 2n in F\. Since Fo = (det) -1 1 and F |g= <?j, i = 1,2, 3, 
this will imply Theorem ^ 

Since the period map is a biholomorphism (Proposition 0) and the pull-back of Fi, i = 
0, 1, 2, 3 by the period map is t{ and t\, t 2 , t 3 are algebraically independent over C(to), we 
conclude that Fj, i = 1,2,3 are algebraically independent over C(Fq). 

Again we use that fact that the period map is a biholomorphism and conclude that 
for F G and its associated functions Fi G M2~2 2 ii there exist holomorphic functions 
Pi : T — > C, i = 0, 1, . . . ,n, po := p such that F = Pi(Fo, F\, F 2 , F 3 ), i = 0, 1, 2, . . . ,n. 
The property (j!9[) of F and (|35j) imply that: 

(38) p(t . 5 ) = A: 2 ^r m £ ( U ) k\k^ Pl {t), Vg G Go, i G T. 
Take 9 = (l ^ and f = (i , 0, ti, i 3 ). Then 

(39) P(t ,h,t 2 ,t 3 ) = ( n )t\Pi(to,0,t 2 ,t 3 ). 

i=o W 

This implies that p is a polynomial of degree at most 2n in the variable ti (deg(ii) = 2). 



In (l38l) we take a = ( * , P_i ) and obtain 
V0 fofci y 



(40) tito^r 2 , wr 4 , ^aV) = t^rx^ 

We substitute (|3H|) in (|4()|) and consider the equalities obtained by the coefficients of t\. 
We get 

(41) Pi (l, 0, t 2 t k^, t 3 t 2 k^ 6 ) = t™- l k^ m+2i Pl (t , 0, t 2 ,t 3 ), i = 0, 1, 2, . . . , n. 

We take to = 1 and conclude that pj(l, 0, F 2 , F3) G M^_ 2i . Since every modular form 
of weight m — 2i can be written as a homogeneous polynomial of degree m — 2i in 
CfeiffsL deg(g 2 ) = 4, deg(g 3 ) = 6, k(1, 0, F 2 , F 3 ) can be written as a homogeneous poly- 
nomial of degree m — 2i in C[F 2 ,F 3 ], deg(F 2 ) = 4, deg(Fs) = 6. In (|4T|) we put &i = 1 
and conclude that Pi(to,0,t 2 ,t 3 ) = t ~ n P i(l,0,t 2 to,t 3 tQ) is a homogeneous polynomial of 
degree m - 2% in C(i )[*2, £3], deg(t 2 ) = 4,deg(t 3 ) = 6. 

4.2 Proof of Theorem [U 

In H2.6l we described some analytic functions Bi, i = 1,2, 3, on £ which have the compati- 
bility properties (|25j ) .(|26 |) and (|27|) with the action of Go on C. We use Proposition Q and 
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transfer them to the world of coefficients T. We obtain analytic functions Bx,B 2 '■ T —> R 
and : T — » C which satisfy: 

(42) 5i o <?(*) = lm(z), Bt(t • <?) = £i(t)N 2 

(43) £ 2 o g ( z ) = 0, B 2 (< • 5 ) = £i(t)N 2 + S 2 (t)|^| 2 + Im(B 3 (t)k 3 k^) 

(44) S 3 • = 1, B 3 (t • 5 ) = B 3 (t)hh + 2V=TfcifeB 1 (t). 

for i € T, z € HI and 5 G Go, where g : H — ► T, 5(2) = (1,51(2), 52(2)) 53(2) ) (for the 
sake of simplicity we have used the same letters to name these functions). In (|42j) we put 

9 = ^\ an< i obtain Bi(to,0,t2,t 3 ) = Bi(to,ti,t2,t 3 ) which means that B\ does not 

(k \ 

depend on t\. Now in (|l2*|) we put t$ = I and g = ( j^-i ) anc ^ °ktain (J3J). In (|l3l 

/A; fc' \ 

and we put to = 1 and g = ( ^-i J and obtain the equalities © and ©• The 

uniqueness of B\ , I?2 and S3 in Theorem [2] follows form uniqueness of the same functions 
in the period domain. 

The proof of the last part of the theorem is as follows: If B 2 (x) := Im(x2X4) = for 

) for some r E R and xa(x\ — rx-x) = 1. 
x 3 x 4 J 

Then 

(45) B 3 (x) = xlixi - rx 3 ) = — . 

which implies that |l?3(x)| = 1. In the coefficient space det(x) = 1 corresponds to to = 1 
and so we get the last statement of Theorem 

One can say something more about B±: The function B\ • |A|e is Go invariant and so 
there is an analytic function b\ : C —* R such that 

|A(t)|« 

Taking this equality to the period domain and restricting it to H, we get 

|A(z)|i 

where the above j and A are the ones on Q'2.21 
4.3 Proof of Theorem [3] 

Let be an algebraically closed field of charachteristic , for instance take k = Q. By a 
variety over we mean the set of its fc-rational points. We redefine: 



Go := { ( q £ ) | fc 3 e k, k u k 2 € k* }, T := £; 4 \{i £ A; 4 | t (27t <5 - *S) = 0}. 
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Proposition 9. The quasi affine variety T is the moduli of (F, [coi], [1^2}) 's, where F is an 
elliptic curve defined over k, lo\ is a differential form of the first kind on F and ([uji], [^2]) 
is a basis of H^(F). 

Proof. For simplicity we do not write more [.] for differential forms. The j invariant ()34|) 
classifies the ellipric curves over k (see [3] Theorem 4.1). Therefore, for a given elliptic 
curve F/k we can find parameter at E fc 4 such that F = Et over k. Under this isomorphism 
we write 

dx 



for some g G Go, where are as in the proposition. Now, the triple (F,ui,U2) 

is isomorphic to {Efg^y^y^)- Since j : C 4 /Go — > C is an isomorphism, every triple 
(F,uji,ll> 2 ) is represented exactly by one parameter t G T. □ 

Let us take k = Q. By Proposition |§] the hypothesis of Theorem Ogives us a parameter 
i £ T such that f s = 0, for some 5 G Hi(Ef,Z). We can assume that 5 is not a multiple 
of another cycle in Hi (Et , Z) and so we can find another cycle 5' in Hi (Et , Z) such that 
(5,5') = 1. The corresponding period matrix x of Et in (5' ,5) has zero ^-coordinate and 
so the numbers 

to = det(x)" 1 , U = Fi(x) = det(x)^^3 2 ^(— ), i = 2,3, t x = F 1 (x) = det(x)xfgi(—) 

x 3 x 3 

all are in Q. Here we have used Proposition |H1 and X4 = 0. Now, for z = G H we have 

X3 

^(z),^(z), 4(,)eQ- 

9i 9i 92 

This is in contradiction with 

Theorem (Nesterenko 1996, |13j ) For any z G M, the set 

p 2mz 9i(z) 92(z) g 3 (z) 

& 1 1 1 



ai a 2 a 3 

contains at least three algebraically independent numbers over Q. 
A direct corollary of Theorem |21 is that the multi- valued function 

r xdx 

m = fir 

JSt y 

defined in T never takes algebraic values for algebraic t. 



4.4 Other topics 

The literature of modular forms and its applications in number theory is huge. The first 
question which naturally arises at this point is as follows: Which part of the theory of 
modular forms can be generalized to the context of differential modular forms and which 
arithmetic properties can one expect to find? Since I am not expert in this area, I just 
mention some subjects which could fit well into this section. 

One may ask for the Eichler-Manin-Shimura theory of periods for cusp forms (see [H] 
and its references) in the context of differential modular forms. Note that the notion 
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"period" in this theory, as far as I know, has nothing to do with the notion of a period 
in this article. The notion of period appears there because classical modular forms can 
be interpreted as sections of a tensor product of the cotangent bundle of a moduli curve 
and hence a differential multi form, which can be integrated over some path in the moduli 
curve (see ^H])- The differential modular forms are no longer interpreted as sections of 
line bundles and this makes the situation more difficult. Lewis type equations attached to 
differential modular forms will be also of interest (see 

Another theory which could be developed for differential modular forms is Atkin- 
Lehner theory of old and new modular forms (see the references in 6 ). This seems to 
me to be a quite accessible theory. The L-functions attached to differential modular 
forms through their Fourier expansion and the extension of the Rankin-Cohen bracket to 
differential modular forms may be also of interest. 

References 

[1] T. M. Apostol. Modular functions and Dirichlet series in number theory, volume 41 
of Graduate Texts in Mathematics. Springer- Verlag, New York, second edition, 1990. 

[2] J.-B. Bost. Periodes et isogenics des varietes abeliennes sur les corps de nombres 
(d'apres D. Masser et G. Wiistholz). Asterisque, (237):Exp. No. 795, 4, 115-161, 
1996. Seminaire Bourbaki, Vol. 1994/95. 

[3] A. Buium. Differential modular forms. J. Reine Angew. Math., 520:95-167, 2000. 

[4] P. A. Griffiths. The residue calculus and some transcendental results in algebraic 
geometry, I, Proc. Nat. Acad. Sci. U.S.A., 55 (1966), 1303-1309. 

[5] R. Hartshorne. Algebraic geometry. Springer- Verlag, New York, 1977. Graduate 
Texts in Mathematics, No. 52. 

[6] J. Hilgert, D. Mayer, and H. Movasati. Transfer operator for To(n) and the Hecke 
operators for the period functions of PSX(2, Z). Math. Proc. of the Cambridge Philo- 
sophical Society, 139(1), 2005,(math.NT/03032). 

[7] K. Kato and S. Usui. Borel-Serre spaces and spaces of SL(2)-orbits. In Algebraic 
geometry 2000, Azumino (Hotaka), volume 36 of Adv. Stud. Pure Math., pages 321- 
382. Math. Soc. Japan, Tokyo, 2002. 

[8] F. Martin and E. Royer. Formes modulaires et periodes, Formes modulaires et 
transcendance, Semin. Congr., Soc. Math. France, Vol. 12, 1-117, 2005. 

[9] N. M. Katz. p-adic properties of modular schemes and modular forms. In Modu- 
lar functions of one variable, III (Proc. Internat. Summer School, Univ. Antwerp, 
Antwerp, 1972), pages 69-190. Lecture Notes in Mathematics, Vol. 350. Springer, 
Berlin, 1973. 

[10] S. Lang. Introduction to modular forms, volume 222 of Grundlehren der Mathematis- 
chen Wissenschaften [Fundamental Principles of Mathematical Sciences]. Springer- 
Verlag, Berlin, 1995. With appendixes by D. Zagier and Walter Feit, Corrected reprint 
of the 1976 original. 



21 



[11] H. Movasati. Calculation of mixed Hodge structures, Gauss-Manin connections and 
Picard-Fuchs equations. To appear in the proceeding of the Sao Carlos conference at 
CIRM, 2004 ( |math.AG/0412235D . 

[12] H. Movasati. Moduli of polarized Hodge structures. Preprint, 2006. 

[13] Y.V. Nesterenko and P. Philippon. Introduction to algebraic independence theory, 
volume 1752 of Lecture Notes in Mathematics. Springer- Verlag, Berlin, 2001. With 
contributions from F. Amoroso, D. Bertrand, W. D. Brownawell, G. Diaz, M. Laurent, 
Yuri V. Nesterenko, K. Nishioka, Patrice Philippon, G. Remond, D. Roy and M. 
Waldschmidt, Edited by Nesterenko and Philippon. 

[14] T. Sasai. Monodromy representation of homology of certain elliptic surfaces, J. Math. 
Soc. Japan, 26, No2 (1974) 296-305. 

[15] V. V. Sokurov. Shimura integrals of cusp forms. Izv. Akad. Nauk SSSR Ser. Mat., 
44(3):670-718, 720, 1980. 

[16] M. Waldschmidt, Transcendance de periodes: Etat des connaissances, Advances in 
Mathematics, Vol 1, No. 2, 2006 (Proceedings of 11th symposium of the Tunisian 
mathematical society). 



22 



